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The factorization of doubles on the lattice can be applied
to construct simple solutions of the Ginsparg-Wilson relation.
The doubles of the naive Dirac action on the lattice are re-
placed by poles in the solution of the homogeneous Ginsparg-
Wilson equation. We address different examples of solutions,
including the action of Neuberger and the action of Zenkin.
New solutions are also proposed, including a particularly sim-
ple one. Finally we compare the Fourier transform of the
different actions in the case of free fermions.
11.15.Ha
I. INTRODUCTION
One of the constraints that lead to the Nielsen-
Ninomiya [1] no-go theorem, is the chiral invariance of
the Dirac action D for massless fermions on the lattice.
Under certain conditions, fermions  would gain doubles,
and the axial anomaly would cancel. This has been, from
the onset, a recurrent problem of Lattice QCD [2]. In or-
der to recover the axial anomaly, at least at the pertuba-
tive level, Ginsparg and Wilson [3] derived a relation, the
Ginsparg-Wilson relation (GWR) which breaks explicitly
the standard chiral symmetry,
Dγ5 + γ5D = Dγ5 r D ; (1)
where r is a matrix proportional to the lattice spacing a.
Recently Lu¨sher [4] proved that chiral invariance of an
action D which complies with the GWR can be recovered
in a dierent form,
 = γ5(1− 12 rD) ; 
 =  (1− 1
2
Dr)γ5 (2)
Thus a conjecture appeared in the literature suggesting
that it may be possible to overcome the Nielsen-Ninomiya
no-go theorem on the lattice and to fully simulate, with-
out doubling, the chiral symmetry of QCD (see [5] for
a recent review). This would include PCAC [6] and the
axial anomaly. In particular the Atiyah-Singer [7] index
theorem would have a Hasenfratz-Laliena-Niedermayer
[8] version on the lattice,
n− − n+ = Q ; (3)
where n−(+) is the number of zero modes of the Dirac
action D with positive (negative) chirality, and Q is the
topological charge of the gauge eld conguration. This
conjecture is supported by the recent solution of Neu-
berger [9], that solves the GWR and complies with the in-
dex relation. This was checked by Chiu [10] in dimension
d = 2 and for smooth topological gauge congurations.
The index relation was also checked in the continuum
limit by Fujikawa [11] and by other groups. However it
turns out that in the lattice eq. (3) is incomplete [4,12].
Other conditions are necessary to enforce eq. (3), in par-
ticular Chiu and Zenkin [15] found a second criterium,1− r
2
D
 = 0 (4)
which implies D must have at least one eigenvalue equal
to 2r . However a sucient set of practical criteria is not
yet found. For instance the Zenkin [16,13,17] action com-
plies with eqs. (1) and (4) but not [13,14] with(3). A bet-
ter understanding of the present solutions of the GWR
and new examples of simple solutions might help to un-
derstand this problem.
In this paper we study two examples iD of solutions of
the GWR which are present in the literature, and present
new simple solutions. In Section II we develop a tech-
nique based on the position of roots and poles, to build
solutions of the GWR. In Section III the structure of the
Neuberger solution is studied. In Section IV the struc-
ture of the Zenkin solution is studied. In Section V new
simple solutions are constructed, with the same root and
pole structure of the Neuberger and Zenkin solutions. In
section VI we present the conclusion.
II. ROOTS AND POLES IN GWR SOLUTIONS
We now proceed to construct explicit solutions of the
GWR. Chiu, Wang and Zenkin observed [13] that the
GWR has a linear version for the inverse Dirac matrix,
D−1γ5 + γ5D−1 = rγ5 : (5)
For simplicity in this paper we will study the case of a
constant r. A solution of this equation is the sum of an
homogeneous solution plus the particular one. A simple
particular solution is D−1p = r=2. Any chiral invariant
matrix D−1c is a solution of the homogeneous equation.





It is also convenient to dene an intermediate matrix,
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From eq. (5) we nd that any root of Dc will be a root
of D and that any pole of Dc will correspond to D = 2r .
The roots and poles of Dc are constrained by physics.
Firstly Dc should lead to the correct continuum limit for
small momentum k, where there D has a root. Secondly,
according to the Chiu-Zenkin criterium [15] , we should
have points where D = 2r , which implies that Dc has a
pole there. Thirdly, the total number of roots and poles
in a chiral invariant periodic lattice is expected to be even
(when double roots count as two roots). For instance the
naive massless Dirac action in d dimensions has 2d roots,
at all possible combinations of kj = 0 and kj = . This is
the source of the doubler problem, because only the root
at vanishing k is physical. The strategy of the present
study consists in replacing the other roots (the doubles)
by poles in Dc.
Thus we should start by nding operators with roots,
in order to build the action with fractions of these op-
erators. The case of an innite lattice illustrates the
root structure of lattice actions. For instance the Fourier
transform of an innite and periodic d = 1 lattice is the
Brillouin cell, a continuous interval ]− ; ]. In d dimen-






ein.k  (k) ;  (k) =
X
n
e−ik.n  n : (8)
Trigonometric functions can be generated on the Bril-


















2n,n′ − U(n)jn+2jˆ,n′ − U(n)yj n−2jˆ,n′
4
; (9)
where these matrices are hermitean, except for Cj which
is anti hermitean. In general these matrices do not com-
mute, except for the identity I. For instance in a prod-
uct of, say Cj and Bl connects the point n to the point
n+ j^ + l^. While CjBl connects the points with the links
Uj(n)Ul(n+ j^), the other combination BlCj connects the
same points with the links Ul(n)Uj(n + l^) . When j 6= l
It is clear that these two products of links are completely
independent, even for abelian gauge theories.
The limit of free fermions is recovered when Uj = 1.
In this case the Fourier transform of the above matrices
depend on a single momentum, and the dierent matrices
commute because they have common eigenvectors  (k).
We get,
I(k) = 1







Gj(k) = sin2 kj (10)
which have respectively, in momentum space, no roots; a
root at 0 and another at ; a double root at 0; a double
root at ; and two double roots respectively at 0 and at
. This agrees with the rule that for local interactions
there is always an even number of roots (double roots
count as two roots). The poles in Dc are obtained with
the non-local inverse of these matrices.
III. THE NEUBERGER ACTION





















and where R is a parameter of the order of 1. We also
have Xy = γ5Xγ5. This implies that γ5 1V is hermitean,
and
γ5
1V yγ5 = 1V y : (13)




Xy = 1V −1 : (14)
This interesting result shows that the eigenvalues  of
V are complex numbers with jj = 1, they belong to the
unit circle in the complex plane. With eqs. (13) and (14)
we nally nd that 1D complies with the GWR.
We will now compute the 1Dc corresponding to the
Neuberger action. Inverting the GWR solution (6) , we





















In the particular case of free fermions X commutes with



















































2 = 0 and this happens when kj = 0 or
kj = . When [m0=a−B(k)] is positive we have a root,
and when it is negative we have a pole. The condition to
have a single root, at the origin, is then 2R > m0 > 0. In
this case 1Dc(k) has 2d−1 poles, with the same momenta
of the doubles of the naive Dirac action on the lattice.



















2 + 1r (18)
For small a the continuum limit is recovered if m0 = a=r.
IV. THE ZENKIN ACTION










where Cj commutes with Bj , even when the gauge elds




2V y = γ5 2V γ5 =2 V −1; (20)
and this implies that the Zenkin action 2D veries the


















CjFj 2 : (21)
The Fourier transform of 2Dc can be computed in the










This action has a single root at the momentum origin
which is consistent with the continuum limit. Concerning
the roots, 2Dc is divergent when any of the kj = . Thus
we have a continuum of poles in the whole hypersurface
which is the boundary of the Brillouin cell. In the same
























V. SIMPLE SOLUTIONS FROM ROOTS AND
POLES
Here we will design simple solutions of the GWR with
the sole concern of roots and poles. The starting point
of these new actions will be the iDc, and for simplicity
this will consist of a numerator which is the naive mass-
less Dirac action,
P
j γjCj=a, and a denominator which
is a Dirac scalar constituted by matrices of eq. (9) . We
use the denominator to provide double poles at the pre-
cise location of the extra roots of the numerator. Some
































where for the moment we are in the free fermion case and
the ordering of the matrices is not settled yet. When the
links with gauge elds are included, each dierent or-
dering corresponds to a dierent action. The action 3Dc
has the same pole structure of the Zenkin homogeneous
solution, and the actions 4Dc ; 5Dc have the same pole
structure of the Neuberger homogeneous solution. We
will now study in more detail the solution 5D which can





















Finally we include the gauge links, and we have to x the
ordering of the matrices. We denote the simplest solution

















where X is a massless Wilson action with R = r=a. We
also nd that,
γ5
5V γ5 = Xy
1
X
= 5V −1 ; (27)
and this shows that 5D complies with the GWR.
However we nd that 5V y is dierent from γ5 5V γ5,
because X and Xy do not commute, except in the case
of free fermions. Unlike the Neuberger action and the
Zenkin action, the γ5 5D is not hermitian. Having an
hermitian γ5D may be convenient, although it is not cru-
cial. It is of course possible to construct an action with

















fXy ; B−1g ; (28)
the resulting γ5 6D is hermitean. In the free fermion limit
both actions 5D and 6D have the same Fourier transform,





























We studied the root and pole structure of the iDc cor-
responding to dierent solutions of the Ginsparg-Wilson
relation (1). We inspected in detail the Neuberger ac-
tion, the Zenkin action and two new actions proposed in
this paper.
The new proposed actions 5D(k) and 6D(k) have a sim-
ple form, without a square root, and this is convenient
for numerical simulations.
All these actions iD have dierent Fourier transforms
iD(k), even if we just consider free fermions. In the cases
that were studied in more detail, it is interesting to note
that the dierent iD(k) only coincide when r = a and
when all but one component kj vanish, and in this case
they are identical to the massless R = 1 Wilson action,














The dierent iD(k) are represented in Fig. 1, on a d = 2
square lattice with 24x24 points. For free fermions the
similarity of the proposed actions 5D(k) and 6D(k) with
the Neuberger action is striking.
One of the interests of nding new solutions of the
Ginsparg-Wilson relation is the study of the index the-
orem (3) on the lattice. The Neuberger action veries
this index relation and the Zenkin action does not. For
instance, in the Neuberger lattice with three massless
flavors the 0 meson is expected to be heavier than the
pseudoscalar octet ; K; , while in the Zenkin lattice
the pseudoscalar nonet is expected to be degenerate. The
proposed actions 5D(k) and 6D(k) have the same root and
pole structure of the Neuberger action, but they use no
square root. It will be interesting to compute the index
relation with the new proposed action.
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FIG. 1. On a 24x24 Brillouin lattice with parameters a = r = R = 1 we respectively show the Dirac scalar component, and
the iγ2 component of the Fourier transform of the free actions of : (a), (b) Wilson; (c), (d) Neuberger; (d), (e) Zenkin. Finally
(g) and (h) correspond to our proposed action. The represented actions are respectively defined in eqs. (30) (18) (23) and (29).
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